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In the purely affine formulation of gravity, the gravitational field is represented by the symmetric
part of the Ricci tensor of the affine connection. The classical electromagnetic field can be rep-
resented in this formulation by the second Ricci tensor of the connection. Such a construction is
dynamically equivalent to the sourceless Einstein–Maxwell equations. We generalize this construc-
tion to the case with sources, represented by the derivative of the affine Lagrangian density with
respect to the connection. We show that the Maxwell equations with sources emerge for the simplest
affine Lagrangian for matter, while the Einstein and Lorentz equations arise if mass has electromag-
netic origin. We also show that the Maxwell equations replace the unphysical constraint imposed
by the projective invariance of purely affine Lagrangians that depend explicitly on the connection.
PACS numbers: 04.50.+h, 04.20.Fy, 03.50.-z
In the purely affine (Einstein–Eddington) formulation of general relativity [1, 2, 3, 4, 5, 6], a Lagrangian density
depends on a torsionless affine connection and the symmetric part of the Ricci tensor of the connection. This
formulation defines the metric tensor as the derivative of the Lagrangian density with respect to the Ricci tensor,
obtaining an algebraic relation between these two tensors. It derives the field equations by varying the total action
with respect to the connection, which gives a differential relation between the connection and the metric tensor. This
relation yields a differential equation for the metric. In the metric–affine (Einstein–Palatini) formulation [1, 7], both
the metric tensor and the torsionless connection are independent variables, and the field equations are derived by
varying the action with respect to these quantities. The corresponding Lagrangian density is linear in the symmetric
part of the Ricci tensor of the connection. In the purely metric (Einstein–Hilbert) formulation [8, 9, 10], the metric
tensor is a variable, the affine connection is the Levi-Civita connection of the metric and the field equations are
derived by varying the action with respect to the metric tensor. The corresponding Lagrangian density is linear in
the symmetric part of the Ricci tensor of the metric. All three formulations of general relativity are dynamically
equivalent [11]. This statement can be generalized to theories of gravitation with Lagrangians that depend on the full
Ricci tensor and the second Ricci tensor [12, 13], and to a general connection with torsion [13].
The purely affine formulation of gravity allows an elegant unification of the classical free electromagnetic and
gravitational fields. Ferraris and Kijowski showed that the gravitational field is represented by the symmetric part of
the Ricci tensor of the connection (not restricted to be symmetric), while the electromagnetic field can be represented
by the second Ricci tensor of the connection [14]. Such a construction is dynamically equivalent to the sourceless
Einstein–Maxwell equations [14]. In this paper, we generalize this construction to the case with sources, represented
by the derivative of the affine Lagrangian density with respect to the connection. We show that the Maxwell equations
with sources emerge in this unified framework for the simplest affine Lagrangian for matter, while the Einstein and
Lorentz equations arise if mass has electromagnetic origin. We also show that the Maxwell equations replace the
unphysical constraint imposed by the projective invariance of purely affine Lagrangians.
A general purely affine Lagrangian density L depends on the affine connection Γ ρµ ν and the curvature tensor,
Rρµσν = Γ
ρ
µ ν,σ −Γ ρµ σ,ν +Γ κµ νΓ ρκσ −Γ κµσΓ ρκ ν . Let us assume that the dependence of the Lagrangian on the curvature
is restricted to the contracted curvature tensors [13], of which there exist three: the symmetric Pµν = R(µν) and
antisymmetric R[µν] part of the Ricci tensor, Rµν = R
ρ
µρν , and the antisymmetric second Ricci tensor, Qµν =
Rρρµν = Γ
ρ
ρ ν,µ − Γ ρρµ,ν , which has the form of a curl [4, 15]. Accordingly, the variation of the corresponding action is
given by δS = 1
c
δ
∫
d4xL(Γ, R,Q) = 1
c
∫
d4x
(
∂L
δΓ ρµ ν
δΓ ρµ ν +
∂L
δRµν
δRµν +
∂L
δQµν
δQµν
)
.
The metric structure associated with a purely affine Lagrangian is obtained using [2, 4, 16]:
gµν ≡ −2κ ∂L
∂Rµν
, (1)
where gµν is the fundamental tensor density and κ = 8piG
c4
(for purely affine Lagrangians that do not depend on R[µν]
this definition is equivalent to that in [5, 11, 14, 17]: gµν ≡ −2κ ∂L
∂Pµν
). The contravariant metric tensor is defined by
gµν ≡ g
(µν)
√
−detg(ρσ)
. (2)
To make this definition meaningful, we have to assume det(g(µν)) 6= 0, which also guarantees that the tensor gµν has
2the Lorentzian signature (+,−,−,−) [11]. The covariant metric tensor gµν is related to the contravariant metric tensor
by gµνgρν = δ
µ
ρ . The tensors g
µν and gµν are used for raising and lowering indices. We also define an antisymmetric
tensor density:
hµν ≡ −2κ ∂L
∂Qµν
, (3)
and the density conjugate to the connection:
Πµ νρ ≡ −2κ
∂L
∂Γ ρµ ν
, (4)
which has the same dimension as the connection. Consequently, the variation of the action can be written as δS =
− 12κc
∫
d4x(Πµ νρ δΓ
ρ
µ ν + g
µνδPµν + h
µνδQµν).
If we do not restrict the connection Γ ρµ ν to be symmetric, the variation of the Ricci tensor is given by the Palatini
formula [4]: δRµν = δΓ
ρ
µ ν;ρ−δΓ ρµ ρ;ν−2SσρνδΓ ρµ σ, where Sρµν = Γ ρ[µν] is the torsion tensor and the semicolon denotes
the covariant differentiation with respect to Γ ρµ ν . Using the identity
∫
d4x(Vµ);µ = 2
∫
d4xSµV
µ, where Vµ is an
arbitrary vector density and Sµ = S
ν
µν is the torsion vector [4], and applying the principle of least action δS = 0, we
obtain
gµν;ρ − gµσ;σδνρ − 2gµνSρ + 2gµσSσδνρ + 2gµσSνρσ = Πµ νρ + 2hνσ,σδµρ . (5)
This equation is equivalent to
gµν,ρ +
∗Γ µσ ρg
σν + ∗Γ νρ σg
µσ − ∗Γ σσ ρgµν = Πµ νρ −
1
3
Πµ σσ δ
ν
ρ + 2h
νσ
,σδ
µ
ρ −
2
3
hµσ,σδ
ν
ρ , (6)
where ∗Γ ρµ ν = Γ
ρ
µ ν +
2
3δ
ρ
µSν [3, 4].
Contracting the indices µ and ρ in Eq. (5) yields
g
[νσ]
,σ
+
1
2
Πσ νσ + 4h
νσ
,σ = 0, (7)
which generalizes one of the field equations of Schro¨dinger’s purely affine gravity with the nonsymmetric metric
tensor [3, 4]. Let us assume that the Lagrangian density L does not depend on R[µν]. As a result, we have
∂L
∂Rµν
= ∂L
∂Pµν
.
Consequently, the tensor density gµν is symmetric and Eq. (7) reduces to
hσν,σ = j
ν ≡ 1
8
Πσ νσ , (8)
which has the form of the Maxwell equations for the electromagnetic field. The density Πµ νρ represents the source
for the purely affine field equations. Since the tensor density hµν is antisymmetric, the current vector density jµ must
be conserved: jµ,µ = 0, which constrains how the connection Γ
ρ
µ ν can enter a purely affine Lagrangian density L:
Πσ νσ ,ν = 0. We note that this conservation is valid even if L depends on R[µν]. We also note that if L does not
depend on Qµν , the field equation (8) becomes a stronger, algebraic constraint on how the Lagrangian depends on
the connection: Πσ νσ = 0. The dependence of a purely affine Lagrangian on the second Ricci tensor Qµν , which will
be associated with the electromagnetic field, replaces this unphysical constraint with a field equation for the tensor
density hµν (the Maxwell equations).
Another way to overcome the constraint Πσ νσ = 0 is to restrict the torsion tensor to be traceless: Sµ = 0 [18].
This condition enters the Lagrangian density as a Lagrange multiplier term − 12κBµSµ, where the Lagrange multiplier
Bµ is a vector density. Consequently, there is an extra term B[µδ
ν]
ρ on the right-hand side of Eq. (5) and Eq. (8)
becomes hσν,σ = j
ν − 316Bν . Setting Bν = 163 jν removes this constraint if L does not depend on Qµν , or yields the
wave equation hσν,σ = 0 if L depends on Qµν . In both cases, the vector density j
µ does not need to be conserved.
Therefore introducing the dependence of L on Qµν is more suitable for unifying gravitation and electromagnetism in
a purely affine formalism than imposing Sµ = 0.
The tensor Pµν is invariant under a projective transformation Γ
ρ
µ ν → Γ ρµ ν + δρµVν (or δΓ ρµ ν = δρµδVν), and so is gµν .
Under the same transformation, the tensor Qµν changes according to Qµν → Qµν + 4(Vν,µ − Vµ,ν). Consequently,
the action changes according to δS = − 12κc
∫
d4x(Πµ νρ δΓ
ρ
µ ν + h
µνδQµν) = − 12κc
∫
d4x(Πσ µσ + 8h
µν
,ν)δVµ. This
expression is identically zero due to the field equation (8) so the action is projective invariant. We can interpret the
electromagnetic field in a purely affine gravity as a field whose role is to preserve the projective invariance of purely
affine Lagrangians that depend explicitly on the affine connection without constraining the connection.
3If we apply to L(Γ, P,Q) the Legendre transformation with respect to Pµν [5, 11], defining the Hamiltonian density
H:
H = L− ∂L
∂Pµν
Pµν = L+
1
2κ
gµνPµν , (9)
we find: dH = ∂L
∂Γ ρµ ν
dΓ ρµ ν +
1
2κPµνdg
µν + ∂L
∂Qµν
dQµν . Accordingly, the Hamiltonian density H is a function of Γ
ρ
µ ν ,
gµν and Qµν , and the action variation is: δS =
1
c
δ
∫ (
H(Γ, g, Q)− 12κgµνPµν(Γ)
)
d4x = 1
c
∫ (
∂H
∂Γ ρµ ν
δΓ ρµ ν +
∂H
∂gµν
δgµν −
1
2κh
µνδQµν− 12κgµνδPµν− 12κPµνδgµν
)
d4x. The variation with respect to gµν yields the first Hamilton equation [5, 11]:
Pµν = 2κ
∂H
∂gµν
. (10)
The variations with respect to Pµν and Qµν can be transformed to the variation with respect to Γ
ρ
µ ν by means of the
Palatini formula and the variation of a curl, respectively, giving the second Hamilton equation equivalent to the field
equations (5).
The analogous transformation in classical mechanics goes from a Lagrangian L(qi, q˙i) to a Hamiltonian H(qi, pi) =
pj q˙j−L(qi, q˙i) (or, more precisely, a Routhian since not all the variables are subject to a Legendre transformation [19])
with pi = ∂L
∂q˙i
, where the tensor Pµν corresponds to generalized velocities q˙
i and the density gµν to canonical momenta
pi [5, 11]. Accordingly, the affine connection plays the role of the configuration qi and the source density Πµ νρ
corresponds to generalized forces f i = ∂L
∂qi
[5]. The field equations (6) correspond to the Lagrange equations ∂L
∂qi
=
d
dt
∂L
∂q˙i
which result from Hamilton’s principle δ
∫
L(qi, q˙i)dt = 0 for arbitrary variations δqi vanishing at the boundaries
of the configuration. The Hamilton equations result from the same principle written as δ
∫
(pj q˙j −H(qi, pi))dt = 0 for
arbitrary variations δqi and δpi [19]. The field equations (5) correspond to the second Hamilton equation, p˙i = −∂H
∂qi
,
and Eq. (10) to the first Hamilton equation, q˙i = ∂H
∂pi
.
From Eq. (10) it follows that 2κδH = Pµνδg
µν = (Pµν − 12Pgµν)
√−gδgµν , where P = Pµνgµν and g = detgµν . This
expression has the form of the Einstein equations of general relativity:
Pµν(Γ)− 1
2
P (Γ)gµν = κΘµν , (11)
if we identify H with the Lagrangian density for matter Lma in the metric–affine formulation of gravitation, since the
symmetric energy–momentum tensor Θµν is defined by the variational relation: 2κδLma = Θµνδgµν . From Eq. (9) it
follows that − 12κP (Γ)
√−g is the metric–affine Lagrangian density for the gravitational field Lg, in agreement with the
general-relativistic form. The transition from the affine to the metric–affine formalism shows that the gravitational
Lagrangian density Lg is a Legendre term corresponding to pj q˙j in classical mechanics [5]. Therefore the purely
affine and metric–affine formulation of gravitation are dynamically equivalent if L depends on the affine connection,
the symmetric part of the Ricci tensor [11] and the second Ricci tensor [14]. We also note that the metric–affine
Lagrangian density for the gravitational field Lg automatically turns out to be linear in the curvature tensor. Thus
metric–affine Lagrangians for the gravitational field that are nonlinear with respect to curvature cannot be derived
from a purely affine Lagrangian that depends on the connection and the contracted curvature tensors.
Substituting Eq. (8) to Eq. (6) and symmetrizing the indices µ and ν yield
gµν,ρ +
∗Γ µ(σ ρ)g
σν + ∗Γ ν(ρσ)g
µσ − ∗Γ σ(σ ρ)gµν = Σµ νρ , (12)
where
Σµ νρ = Π
(µ ν)
ρ
− 1
3
δ(µρ Π
ν) σ
σ
− 1
6
Π
σ (µ
σ
δν)ρ . (13)
Eq. (12) is a linear algebraic equation for ∗Γ ρ(µ ν) as a function of the metric tensor, its first derivatives and the density
Πµ νρ . We decompose the connection
∗Γ ρµ ν as
∗Γ ρµ ν = { ρµ ν}g + V ρµν , (14)
where { ρµ ν}g is the Christoffel connection of the metric tensor gµν and V ρµν is a tensor. Consequently, the Ricci tensor
of the affine connection Γ ρµ ν is given by [15]
Rµν(Γ) = Rµν(g)− 2
3
(Sν:µ − Sµ:ν) + V ρµν:ρ − V ρµρ:ν + V σµνV ρσρ − V σµρV ρσν , (15)
4whereRµν(g) is the Riemannian Ricci tensor of the metric tensor gµν and the colon denotes the covariant differentiation
with respect to { ρµ ν}g. Eq. (11) and symmetrized Eq. (15) give
Rµν(g) = κΘµν − κ
2
Θρσg
ρσgµν − V ρ(µν):ρ + V ρ(µ|ρ|:ν) − V σ(µν)V ρσρ + V σ(µ|ρV ρσ|ν). (16)
We also have [15]
Qµν = −8
3
(Sν,µ − Sµ,ν) + V ρρν,µ − V ρρµ,ν . (17)
Substituting Eq. (14) to Eq. (12) gives
V
µ
(σρ)g
σν + V ν(ρσ)g
µσ − V σ(σρ)gµν = Σµ νρ . (18)
Its solution is
V
ρ
(µν) =
1
2
(∆ρ σν gµσ +∆
ρ σ
µ gνσ −∆α βγ gµαgνβgργ), (19)
where
∆µ νρ = Σ
µ ν
ρ −
1
2
Σα βρ gαβg
µν (20)
and gµν is the density reciprocal to g
µν : gµνg
ρν = δρµ. Substituting Eq. (8) to Eq. (6) and antisymmetrizing the
indices µ and ν yield
V
µ
[σρ]g
νσ − V ν[σρ]gµσ = Ω µνρ , (21)
where
Ω µνρ = Π
[µ ν]
ρ
− 1
3
Π
[σ ν]
σ
δµρ +
1
3
Π
[σ µ]
σ
δνρ (22)
is a traceless tensor density. Consequently, we find
V
ρ
[µν] =
1
2
(Ω ρσν gµσ − Ω ρσµ gνσ − Ω αβγ gµαgνβgργ). (23)
Eqs. (19) and (23) give the tensor V ρµν . If there are no sources, Π
µ ν
ρ = 0, the connection Γ
ρ
µ ν depends only on
the metric tensor gµν representing a free gravitational field and the torsion vector Sµ corresponding to the vectorial
degree of freedom associated with the electromagnetic potential Aµ [14].
The purely metric formulation of gravitation is dynamically equivalent to the purely affine and metric–affine for-
mulation, which can be shown by applying to H(Γ, g, Q) the Legendre transformation with respect to Γ ρµ ν [11]. This
transformation defines the Lagrangian density in the momentum space K:
K = H− ∂H
∂Γ ρµ ν
Γ ρµ ν = H+
1
2κ
Πµ νρ Γ
ρ
µ ν , (24)
which satisfies: dK = ∂K
∂gµν
dgµν + 12κΓ
ρ
µ νdΠ
µ ν
ρ +
∂K
∂Qµν
dQµν . Accordingly, the momentum Lagrangian density K is a
function of gµν , Πµ νρ and Qµν , and the action variation is: δS =
1
c
δ
∫ (
K(g,Π, Q)− 12κgµνPµν(Γ)− 12κΠµ νρ Γ ρµ ν
)
d4x =
1
c
∫ (
∂K
∂gµν
δgµν+ ∂K
∂Πµ νρ
δΠµ νρ − 12κhµνδQµν− 12κgµνδPµν− 12κPµνδgµν− 12κΠµ νρ δΓ ρµ ν− 12κΓ ρµ νδΠµ νρ
)
d4x. The variation
with respect to gµν yields the Einstein equations:
Pµν = 2κ
∂K
∂gµν
. (25)
The variations with respect to Pµν and Qµν can be transformed to the variation with respect to Γ
ρ
µ ν by means of the
Palatini formula and the variation of a curl, respectively, giving the field equations (5). Finally, the variation with
respect to Πµ νρ gives
Γ ρµ ν = 2κ
∂K
∂Πµ νρ
, (26)
5in accordance with Eq. (24).
The analogous transformation in classical mechanics goes from a Hamiltonian H(qi, pi) to a momentum Lagrangian
K(pi, p˙i) = −f jqj −H(qi, pi). The equations of motion result from Hamilton’s principle written as δ ∫ (pj q˙j + f jqj +
K(pi, p˙i))dt = 0. The quantity K is a Lagrangian with respect to pi because pj q˙j + f jqj is a total time derivative
and does not affect the action variation.
If we define
C µνρ = Σ
µ ν
ρ − ∗Γ µ(σ ρ)gσν − ∗Γ ν(ρσ)gµσ + ∗Γ σ(σ ρ)gµν , (27)
where the connection Γ ρµ ν depends on the source density Π
µ ν
ρ via Eq. (4) or Eq. (26), then the field equations (6)
and (8) can be written as
gµν,ρ = C
µν
ρ . (28)
Accordingly, Πµ νρ can be expressed in terms of g
µν
,ρ and the torsion tensor S
ρ
µν . Therefore a theory of gravitation
with the connection as a dynamical variable contains in a natural way the first derivatives of the metric tensor,
gµν,ρ. Consequently, the Christoffel symbols { ρµ ν}g, which are homogeneous linear functions of gµν,ρ, correspond
to generalized forces f i = p˙i [11]. The density K(g,Π, Q) can be expressed in terms of gµν,ρ and S
ρ
µν instead of
Πµ νρ . The resulting quantity, K(g, ∂g, S,Q), is a Lagrangian density for matter Lm in the purely metric formulation
of gravitation with torsion. Similarly, the tensor Pµν(Γ) in Eq. (25) can be expressed as Pµν(∂g, S) which can be
decomposed into Rµν(g) and terms with the torsion tensor that we denote as Rµν(S). As a result, Eq. (25) can be
written as
Rµν(g) = 2κ
∂K
∂gµν
−Rµν(S), (29)
which corresponds to Eq. (16). Thus the equivalence of the metric–affine and purely metric formulation of gravity
with a torsionless connection [11] is also valid for a general connection with torsion [13].
If we can separate the Lagrangian L into the part that depends on the Ricci tensors and does not explicitly on the
affine connection, and the part that depends on the connection and does not on the Ricci tensors, the tensor Θµν will
represent the matter part that corresponds to the curvature, i.e. the electromagnetic field. The terms in Eq. (16)
that contain V ρµν form the tensor which we denote as κ(Uµν − 12Uρσgρσgµν). The symmetric tensor Uµν corresponds
to the matter part that is generated by the connection, and is quadratic in the density Πµ νρ . Similarly, the right-
hand side of Eq. (29) can be written as κ(Tµν − 12Tρσgρσgµν), bringing Eq. (25) to the standard general-relativistic
form. The symmetric energy–momentum tensor Tµν represents total matter: Tµν = Θµν +Uµν . The Bianchi identity
(Rµν(g)− 12R(g)gµν):ν = 0 yields the covariant conservation of this tensor: T µν:ν = 0.
The purely affine Lagrangian density for the Maxwell electromagnetic field was found by Ferraris and Kijowski [17],
using the symplectic formulation of particle dynamics and field theory by Tulczyjew [20]. This Lagrangian density is
given by
LEM = −1
4
√−℘FαβFρσPαρP βσ, (30)
where Fµν = Aν,µ − Aµ,ν is the electromagnetic field tensor and ℘ = detPµν . It is dynamically equivalent to the
metric Lagrangian density for the Maxwell electromagnetic field, HEM = − 14
√−gFαβFρσgαρgβσ. This equivalence
follows from the identity:
√−℘FαβPαρP βσ =
√−gFαβgαρgβσ, which results from Eqs. (1), (9) and (10) applied to
LEM and HEM . This equivalence is violated if we add to the expression (30) a term that depends on the Ricci tensor,
e.g., the Eddington affine Lagrangian density for the cosmological constant, LΛ =
1
κΛ
√−℘ [21].
The formal similarity between Fµν and the second Ricci tensor Qµν (both tensors are curls) suggests that the purely
affine Lagrangian density for the unified electromagnetic and gravitational fields is given by
LEM = −e
2
4
√−℘QαβQρσPαρP βσ, (31)
where e has the dimension of electric charge [14]. Without loss of generality, e can be taken equal to the charge of
the electron. The dynamical equivalence between this Lagrangian and the Maxwell electrodynamics follows from the
equivalence between the latter and LEM , since replacing Fµν by eQµν does not affect the algebraic relation of g
µν to
Pµν arising from Eqs. (1) and (10). Eq. (3) gives
hµν = κe2
√−℘QαβPµαP νβ . (32)
6The torsion vector is related to the electromagnetic potential via Eq. (17) and the correspondence relation Fµν = eQµν :
Sν =
3
8
(−Aν
e
+ V ρρν). (33)
The gauge transformation Aν → Aν + ∂νλ, where λ is a scalar function of the coordinates, does not affect Eq. (17).
In order to write the Maxwell equations with sources in the purely affine formulation of gravity, we need to know
how the affine Lagrangian for matter (independent of the curvature) depends on the connection. The simplest choice
is
Lm = ρu
µ
;µ = ρ(u
µ
,µ + Γ
µ
ν µu
ν), (34)
where ρ is a scalar density and uµ is the local four-velocity of matter. The four-velocity can be uniquely defined by
the fluid configuration and its partial derivatives, without any knowledge of the metric [22]. Consequently, we find:
Πµ νσ = −2κ
∂Lm
∂Γ ρµ ν
= −2κρuµδνσ (35)
and jµ = − 14κρuµ. Eqs. (8) and (32) yield
e2(
√−℘QαβP ναPµβ),ν = −1
4
ρuµ. (36)
Eq. (36) reproduces the Maxwell equations with sources, 1√−g (
√−gFαβgναgµβ),ν = jµ = ρec√g00u0uµ, where jµ is the
electromagnetic current four-vector and ρe is the spatial density of electric charge [9], if we identify − ρu
0
4e with
ρec
√−g√
g00
.
For the matter Lagrangian (34) we find:
Ω µνσ = 0, V
σ
[µν] = 0, Σ
µ ν
σ = κρu
(µδν)σ , ∆
µ ν
σ = κρ
(
u(µδν)σ −
1
2
uσg
µν
)
. (37)
Accordingly, the torsion tensor depends only on the torsion vector, as in the case without sources. Combining
Eqs. (19), (23) and (35) gives
V σµν =
κρ√−g
(3
4
uσgµν − 1
2
u(µδ
σ
ν)
)
, (38)
which after substituting to Eq. (16) yields
Rµν(g) = κΘµν +
3
8
( κρ√−g
)2
uµuν − 3
4
( κρ√−gu
σ
)
:σ
gµν , (39)
where Θµν =
1
4gµνFαβF
αβ − FµρF ρν . The last term in Eq. (39) vanishes since jµ is covariantly conserved. Finally, if
we define the effective energy density ǫ and pressure p via:
ǫ+ p ≡ 3κ
8
( ρ√−g
)2
, p ≡ 3κ
16
( ρ√−g
)2
uσu
σ, (40)
we arrive at the Einstein equations:
Gµν = κ
(1
4
gµνFαβF
αβ − FµρF ρν + (ǫ + p)uµuν − pgµν
)
, (41)
where Gµν = Rµν(g)− 12R(g)gµν is the Einstein tensor of general relativity.
The Bianchi identities Gµν:ν = 0 and F[µν:ρ] = 0 give the continuum form of the Lorentz equation of motion:
((ǫ + p)uµuν):ν − p,µ = Fµνjν . Integrating it over space with p = 0 leads to the Lorentz equation of a particle
with mass m ∝ ǫ and charge q ∝ ρe. Eqs. (40) indicate that ǫ ∝ ρ2e, thus m ∝ q2, i.e. the mass of a particle is
proportional to its intrinsic electromagnetic energy. Therefore, the simplest purely affine Lagrangian for matter (34)
generates the Einstein and Lorentz equations if mass has electromagnetic origin. This conclusion may be crucial in
generalizing quantum gravity in the Eddington purely affine picture [23] to the case with the presence of matter and
the electromagnetic field.
7On larger scales, electric charge (either positive or negative) averages to zero, while mass (always positive) does
not. As a result, the continuum Lorentz equation averages to the geodesic equation, uµ:νu
ν = 0. The equivalence
of a purely affine gravity with general relativity, which is a metric theory, implies that the former is consistent with
experimental tests of the weak equivalence principle [24].
The unified field theory presented in this paper may be regarded as a mathematical exercise that attempts to combine
gravitation and electromagnetism on the classical level. A general affine connection has enough degrees of freedom
to make it possible to describe the gravitational and electromagnetic fields. In general relativity, the electromagnetic
field and its sources are considered to be on the side of the matter tensor in the field equations, i.e. they act as
sources of the gravitational field. In unified field theory, the electromagnetic field obtains the same geometric status
as the gravitational field. While the ultimate goal is to geometrize material sources of both fields as well, in this paper
we introduced matter through an extra Lagrangian containing non-geometrized matter variables. We showed that a
simple matter Lagrangian that contains two variables: a scalar density related to the electric charge density and the
four-velocity of the continuous matter distribution, leads to the Lorentz force appearing as a consequence of the field
equations for the particles whose masses are of purely electromagnetic origin. However, there are massive particles in
nature, like protons and neutrons, whose masses cannot be attributed only to the electromagnetic interaction. Thus
we must either modify the matter Lagrangian or extend the dependence of a purely affine Lagrangian on the curvature
to the full Riemann tensor.
Finally, we emphasize the remarkable role of the electromagnetic field in the purely affine gravity. Purely affine
Lagrangians that depend explicitly on a general, unconstrained affine connection and the symmetric part of the Ricci
tensor are subject to an unphysical constraint on the source density. The inclusion of the second Ricci tensor, which is
related to the electromagnetic field, in a purely affine Lagrangian replaces this constraint with the Maxwell equations
and preserves the projective invariance of the Lagrangian without constraining the connection.
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